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The Ferraris-Kijowski purely affine Lagrangian for the electromagnetic field, that has the form
of the Maxwell Lagrangian with the metric tensor replaced by the symmetrized Ricci tensor, is
dynamically equivalent to the metric Einstein-Maxwell Lagrangian, except the zero-field limit, for
which the metric tensor is not well-defined. This feature indicates that, for the Ferraris-Kijowski
model to be physical, there must exist a background field that depends on the Ricci tensor. The
simplest possibility, supported by recent astronomical observations, is the cosmological constant,
generated in the purely affine formulation of gravity by the Eddington Lagrangian. In this paper we
combine the electromagnetic field and the cosmological constant in the purely affine formulation. We
show that the sum of the two affine (Eddington and Ferraris-Kijowski) Lagrangians is dynamically
inequivalent to the sum of the analogous (ΛCDM and Einstein-Maxwell) Lagrangians in the metric-
affine/metric formulation. We also show that such a construction is valid, like the affine Einstein-
Born-Infeld formulation, only for weak electromagnetic fields, on the order of the magnetic field
in outer space of the Solar System. Therefore the purely affine formulation that combines gravity,
electromagnetism and cosmological constant cannot be a simple sum of affine terms corresponding
separately to these fields. A quite complicated form of the affine equivalent of the metric Einstein-
Maxwell-Λ Lagrangian suggests that Nature can be described by a simpler affine Lagrangian, leading
to modifications of the Einstein-Maxwell-ΛCDM theory for electromagnetic fields that contribute
to the spacetime curvature on the same order as the cosmological constant.
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Keywords: purely affine gravity; Einstein-Maxwell equations; cosmological constant; Legendre transforma-
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I. INTRODUCTION

There exist three pictures of general relativity. In the purely affine (Einstein-Eddington) formulation [1–5], a
Lagrangian density depends on a torsionless affine connection and the symmetric part of the Ricci tensor of the
connection. This formulation defines the metric tensor as the derivative of the Lagrangian density with respect
to the Ricci tensor, obtaining an algebraic relation between these two tensors. It derives the field equations by
varying the total action with respect to the connection, which gives a differential relation between the connection
and the metric tensor. This relation yields a differential equation for the metric. In the metric-affine (Einstein-
Palatini) formulation [6–8], both the metric tensor and the torsionless connection are independent variables, and the
field equations are derived by varying the action with respect to these quantities. The corresponding Lagrangian
density is linear in the symmetric part of the Ricci tensor of the connection. In the purely metric (Einstein-Hilbert)
formulation [9–13], the metric tensor is a variable, the affine connection is the Levi-Civita connection of the metric and
the field equations are derived by varying the action with respect to the metric tensor. The corresponding Lagrangian
density is linear in the symmetric part of the Ricci tensor of the metric.

Ferraris and Kijowski showed that all three formulations are dynamically equivalent [14, 15]. Although to each
metric-affine or purely metric Lagrangian for the gravitational field and matter there corresponds the dynamically

∗Electronic address: nipoplaw@indiana.edu

http://dx.doi.org/10.1007/s10701-009-9284-y
mailto:nipoplaw@indiana.edu


2

equivalent purely affine Lagrangian [4, 14–16], the explicit form of such a Lagrangian is known only for few cases,
including: the cosmological constant [2], the Klein-Gordon [4], Maxwell and Proca fields [17], and barotropic fluids [18,
19]. This equivalence can be generalized to theories of gravitation with Lagrangians that depend on the full Ricci
tensor and the segmental (homothetic) curvature tensor [20, 21], and to a general connection with torsion [21].

The fact that Einstein’s relativistic theory of gravitation [22] is based on the affine connection rather than the metric
tensor was first noticed by Weyl [23]. This idea was developed by Eddington, who constructed the simplest purely
affine gravitational Lagrangian, proportional to the square root of the determinant of the symmetrized Ricci tensor [2].
This Lagrangian is equivalent to the metric Einstein-Hilbert Lagrangian of general relativity with the cosmological
constant. Schrödinger elucidated Eddington’s affine theory and generalized it to a nonsymmetric metric [24] which
was introduced earlier by Einstein and Straus [25] to unify gravitation with electromagnetism [26, 27] (in this paper
we do not attempt to unify gravitation with electromagnetism, for the review of unified field theories see [28]). There
also exists a quantum version of the Eddington purely affine Lagrangian [29, 30].

The purely affine formulation of gravity cannot use the metric definition of the energy-momentum tensor as the
tensor conjugate to the metric tensor with the matter action as the generating function, since matter should enter
the Lagrangian before the metric tensor is defined. Thus matter fields must be coupled to the affine connection and
the curvature tensor in a purely affine Lagrangian. Ferraris and Kijowski found that the purely affine Lagrangian
for the electromagnetic field, that has the form of the Maxwell Lagrangian with the metric tensor replaced by the
symmetrized Ricci tensor, is dynamically equivalent to the Einstein-Maxwell Lagrangian in the metric formulation [17].
This equivalence was demonstrated by transforming to a reference system in which the electric and magnetic vectors
(at the given point in spacetime) are parallel to one another. Such a transformation is always possible except for the
case when these vectors are mutually perpendicular and equal in magnitude [13].

The purely affine formulation of gravitation is not a modified theory of gravity but general relativity itself, written in
terms of the affine connection as a dynamical configuration variable. This equivalence with general relativity, which
is a metric theory, implies that purely affine gravity is consistent with experimental tests of the weak equivalence
principle [33]. Moreover, experimental tests of the interaction between the gravitational and electromagnetic fields
are restricted to the motion of quanta of the electromagnetic field, photons, in curved spacetime [33, 34]. Therefore
the predictions of purely affine gravity on how the electromagnetic field in the presence of the cosmological constant
affects spacetime curvature are consistent with current observational tests of relativity.

However, the purely affine formulation of the electromagnetic field [17] has one defect. In the zero-field limit,
the Ferraris-Kijowski Lagrangian density1 vanishes, making it impossible to construct the metric tensor. The same
problem arises for other forms of matter that are represented by the Ricci tensor. For the Ferraris-Kijowski model to
be physical, there must exist a background field that depends on the Ricci tensor so that the metric tensor is well-
defined even in the absence of matter. The simplest possibility, supported by recent astronomical observations [35–37],
is the cosmological constant. Therefore spacetime with cosmological constant plays the role of a purely affine vacuum
which should be included in constructing purely affine Lagrangians.

In this paper we study how to modify the Ferraris-Kijowski model of electromagnetism so that the metric structure
in the zero-field limit of this model is well-defined. We combine the electromagnetic field and the cosmological
constant in the purely affine formulation so that the zero-field limit corresponds to spacetime with the cosmological
constant alone. In Sect. II we review the field equations of purely affine gravity, generalizing the Einstein-Schrödinger
derivation [3] to Lagrangians that also depend explicitly on the connection. In Sect. III we review the correspondence
between the purely affine formulation of gravitation and the metric-affine and metric formulations. Sections IV (on
the Eddington Lagrangian) and V (on the Ferraris-Kijowski Lagrangian) precede Sect. VI in which we construct
a purely affine version of the Einstein-Born-Infeld theory [38–40] describing both the electromagnetic field and the
cosmological constant. The corresponding Lagrangian combines the symmetrized Ricci tensor and the electromagnetic
field tensor before taking the square root of the determinant. We show that this formulation is valid only for weak
electromagnetic fields, on the order of the magnetic field in interstellar space, at which this Lagrangian reduces to
the sum of the Eddington Lagrangian and the Lagrangian of Ferraris and Kijowski [17]. In addition, we complete (in
Sect. V) the proof of the equivalence of the Einstein-Maxwell and Ferraris-Kijowski Lagrangians by showing it for the
case when the electric and magnetic vectors are mutually perpendicular and equal in magnitude.

In Sect. VII we assume that the sum of the Eddington and Ferraris-Kijowski Lagrangians is not a weak-field

1 In this paper, by the Ferraris-Kijowski Lagrangian we mean the Lagrangian density for the purely affine version of the Einstein-Maxwell
theory from Ref. [17], where the variables are a torsionless connection and the electromagnetic potential. This Lagrangian density
depends on the symmetric part of the Ricci tensor of the symmetric connection and on the electromagnetic field tensor. There exists
another, conceptually different, purely affine Lagrangian density of Ferraris and Kijowski for the unified field theory [31, 32], where an
asymmetric connection with a torsion with nonvanishing trace is the only variable. That Lagrangian depends on the symmetric part of
the Ricci tensor of the connection and on the segmental curvature tensor which plays the role of the electromagnetic field tensor.
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approximation but an exact Lagrangian for the electromagnetic field and the cosmological constant. We show that this
Lagrangian is not equivalent (dynamically) to the sum of the analogous (ΛCDM and Einstein-Maxwell) Lagrangians in
the metric-affine/metric formulation (this inequivalence was already proved in Ref. [41]). This result is not surprising
because what is simple (“minimal coupling”) in the metric formulation of gravity becomes complicated in the affine
formulation, and what is simple in the affine formulation of gravity becomes complicated in the metric formulation [16].
Moreover, the purely affine Lagrangian for the Einstein-Klein-Gordon theory already shows that what is a sum in the
metric picture is not a sum in the affine picture [4]. In the same section we also show that the sum of the Eddington
and Ferraris-Kijowski Lagrangians, like the Lagrangian in Sect. VI, is physical only for weak electromagnetic fields, on
the order of the magnetic field in outer space of the Solar System. In Sect. VIII we show the derivation of the purely
affine equivalent of the Einstein-Maxwell-Λ Lagrangian (this equivalent was found in Ref. [41]). This Lagrangian
significantly differs from the sum of the affine Eddington and Ferraris-Kijowski Lagrangian, explaining why this sum
does not describe physical systems. We summarize the results in Sect. IX.

II. FIELD EQUATIONS IN PURELY AFFINE GRAVITY

The condition for a Lagrangian density to be covariant is that it must be a product of a scalar and the square
root of the determinant of a covariant tensor of rank two, or a linear combination of such products [2, 3]. A general
purely affine Lagrangian density L depends on the affine connection Γ ρ

µ ν (not restricted to be symmetric in the lower
indices), the curvature tensor Rρ

µσν = Γ ρ
µ ν,σ − Γ ρ

µ σ,ν + Γ κ
µ νΓ ρ

κ σ − Γ κ
µ σΓ ρ

κ ν , and their covariant derivatives (with
respect to Γ ρ

µ ν). In order to be generally covariant, the Lagrangian density L may depend on Γ ρ
µ ν only through the

covariant derivatives of tensors. If we assume that L is of the first differential order with respect to the connection, as
usually are Lagrangians in classical mechanics with respect to the configuration, and that derivatives of the connection
appear in L only through the curvature Rρ

µσν , then L is a function of Rρ
µσν and the torsion tensor Sρ

µν = Γ ρ
[µ ν]:

L = L(S, R). We assume that the dependence of L on the curvature is restricted to the symmetric part Pµν = R(µν)

of the Ricci tensor Rµν = Rρ
µρν , as in general relativity: L = L(S, P ).2 We also assume that L depends on, in

addition to the torsion tensor and the symmetrized Ricci tensor, a matter field φ and its covariant derivatives ∇φ:
L = L(S, P, φ,∇φ). We denote this Lagrangian density as L(Γ, P, φ, ∂φ), bearing in mind that its dependence on the
connection Γ and ordinary derivatives ∂φ is not arbitrary, but such a Lagrangian is a covariant function of the torsion
S and ∇φ. The variation of the corresponding action I = 1

c

∫
d4xL is given by

δI =
1
c

∫
d4x

( ∂L

∂Γ ρ
µ ν

δΓ ρ
µ ν +

∂L

∂Pµν
δPµν +

∂L

∂φ
δφ +

∂L

∂φ,µ
δ(φ,µ)

)
. (1)

The fundamental tensor density gµν associated with a purely affine Lagrangian is obtained using [4, 14, 15, 17, 31, 32]

gµν ≡ −2κ
∂L

∂Pµν
, (2)

where κ = 8πG
c4 (for purely affine Lagrangians that depend on the symmetric part of the Ricci tensor, this definition

is equivalent to that in Refs. [2, 3, 42]: gµν = −2κ ∂L
∂Rµν

). This density introduces the metric structure in purely affine
gravity by defining the symmetric contravariant metric tensor [4]:

gµν ≡ gµν

√−detgρσ
. (3)

To make this definition meaningful, we must assume detgµν 6= 0. The physical signature requirement for gµν implies
that we must take into account only those configurations with detgµν < 0, which guarantees that gµν has the
Lorentzian signature (+,−,−,−) or (−, +,+, +) [16]. The symmetric covariant metric tensor gµν is related to the
contravariant metric tensor by gµνgρν = δµ

ρ .3 The tensors gµν and gµν are used for raising and lowering indices.

2 For a general connection, there exist three independent traces of the curvature tensor: Pµν , the antisymmetric part of the Ricci tensor,
R[µν], and the antisymmetric segmental [23] (homothetic) curvature tensor (“second Ricci tensor” [42]): Qµν = Rρ

ρµν = Γ ρ
ρ ν,µ−Γ ρ

ρ µ,ν ,
which has the form of a curl [3, 43].

3 If a purely affine Lagrangian depends on the full Ricci tensor, and the fundamental tensor density is defined as gµν = −2κ ∂L
∂Rµν

, then
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We also define the hypermomentum density conjugate to the affine connection [47–49]:4

Πµ ν
ρ ≡ −2κ

∂L

∂Γ ρ
µ ν

, (4)

which has the same dimension as the connection. Consequently, the variation of the action (1) can be written as

δI = − 1
2κc

∫
d4x(Πµ ν

ρ δΓ ρ
µ ν + gµνδRµν) +

1
c

∫
d4x

(∂L

∂φ
δφ +

∂L

∂φ,µ
δ(φ,µ)

)
. (5)

If we assume that the field φ vanishes at the boundary of integration, then the field equation for φ is δL
δφ = 0, where

the variational derivative is defined as δL
δφ = ∂L

∂φ − ∂µ

(
∂L

∂φ,µ

)
. Accordingly, the variation (5) takes the form:

δI =
1
c

∫
d4x

[
− 1

2κ

(
Πµ ν

ρ δΓ ρ
µ ν + gµνδPµν

)
+

δL

δφ
δφ

]
. (6)

For a general affine connection, the variation of the Ricci tensor is given by the Palatini formula [3, 43, 47]:
δRµν = δΓ ρ

µ ν;ρ − δΓ ρ
µ ρ;ν − 2Sσ

ρνδΓ ρ
µ σ, where the semicolon denotes the covariant differentiation with respect to Γ ρ

µ ν .
Using the identity

∫
d4x(Vµ);µ = 2

∫
d4xSµVµ, where Vµ is an arbitrary contravariant vector density that vanishes at

the boundary of the integration and Sµ = Sν
µν is the torsion vector [3, 43], and applying the principle of least action

δS = 0 for arbitrary variations δΓ ρ
µ ν , we obtain

gµν
;ρ − gµσ

;σδν
ρ − 2gµνSρ + 2gµσSσδν

ρ + 2gµσSν
ρσ = Πµ ν

ρ . (7)

This equation is equivalent to

gµν
,ρ + ∗Γ µ

σ ρg
σν + ∗Γ ν

ρ σgµσ − ∗Γ σ
σ ρg

µν = Πµ ν
ρ − 1

3
Πµ σ

σ δν
ρ , (8)

where ∗Γ ρ
µ ν = Γ ρ

µ ν + 2
3δρ

µSν [3, 24].
Contracting the indices µ and ρ in Eq. (7) yields5

Πσ ν
σ = 0, (9)

which is a constraint on how a purely affine Lagrangian depends on the connection. This unphysical constraint is
related to the fact that the gravitational part of this Lagrangian (proportional to gµνPµν , see the next section) is
invariant under projective transformations of the connection while the matter part, that can depend explicitly on
the connection, is generally not invariant [48–50]. We cannot assume that any form of matter will comply with this
condition. Therefore the field equations (7) seem to be inconsistent. To overcome this constraint we can restrict the
torsion tensor to be traceless: Sµ = 0 [50]. Consequently, ∗Γ ρ

µ ν = Γ ρ
µ ν . This condition enters the Lagrangian density

as a Lagrange multiplier term − 1
2κBµSµ, where the Lagrange multiplier Bµ is a vector density. Consequently, there

is an extra term B[µδ
ν]
ρ on the right-hand side of Eq. (7) and Eq. (9) becomes 3

2Bν = Πσ ν
σ . Setting this equation to

be satisfied identically removes the constraint (9) and brings Eq. (8) into

gµν
,ρ + Γ µ

σ ρg
σν + Γ ν

ρ σgµσ − Γ σ
σ ρg

µν = Πµ ν
ρ − 1

3
Πµ σ

σ δν
ρ −

1
3
Πσ ν

σ δµ
ρ . (10)

Equation (10) is an algebraic equation for Γ ρ
µ ν (with Sµ = 0) as a function of the metric tensor, its first derivatives

and the density Πµ ν
ρ . We seek its solution in the form:

Γ ρ
µ ν = { ρ

µ ν}g + V ρ
µν , (11)

gµν is not symmetric. This density introduces the metric structure in purely affine gravity by defining the symmetric contravariant

metric tensor as gµν = g(µν)/
√
−detg(ρσ) [44–46]. If we, instead, use Schrödinger’s definition gµν = gµν/

√
−detgρσ , the resulting

field equations lead to the relation between the nonsymmetric metric and the affine connection in Einstein’s generalized theory of
gravitation [3, 24, 25].

4 In Refs. [47–49], the hypermomentum density is defined as Πµ ν
ρ = ∂L

∂Γ
ρ

µ ν
.

5 If the fundamental tensor density gµν is defined as gµν = −2κ ∂L
∂Rµν

and thus, in general, is asymmetric, then Eq. (9) becomes:

g
[νσ]

,σ
+ 1

2
Πσ ν

σ = 0, which generalizes one of the field equations of Schrödinger’s nonsymmetric purely affine gravity [3, 24].
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where { ρ
µ ν}g = 1

2gρσ(gνσ,µ + gµσ,ν − gµν,σ) is the Christoffel connection of the metric tensor gµν . Consequently, the
Ricci tensor of the affine connection Γ ρ

µ ν is given by [43]

Rµν(Γ) = Rµν(g) + V ρ
µν:ρ − V ρ

µρ:ν + V σ
µνV ρ

σρ − V σ
µρV

ρ
σν , (12)

where Rµν(g) is the Riemannian Ricci tensor of the metric tensor gµν and the colon denotes the covariant differentiation
with respect to { ρ

µ ν}g. Substituting Eq. (11) to Eq. (10) gives

V µ
σρg

σν + V ν
ρσgµσ − V σ

σρg
µν = Πµ ν

ρ − 1
3
Πµ σ

σ δν
ρ −

1
3
Πσ ν

σ δµ
ρ , (13)

which is a linear relation between V ρ
µν and Πµ ν

ρ and can be solved [51, 52].
If a purely affine Lagrangian does not depend explicitly on the connection (such Lagrangians are studied later in

this paper) then Πµ ν
ρ = 0. In this case, we do not need to introduce the condition Sµ = 0 (or any constraint on four

degrees of freedom of the connection) and Eq. (8) becomes

gµν
,ρ + ∗Γ µ

σ ρg
σν + ∗Γ ν

ρ σgµσ − ∗Γ σ
σ ρg

µν = 0. (14)

The tensor Pµν is invariant under a projective transformation Γ ρ
µ ν → Γ ρ

µ ν + δρ
µWν . We can use this transformation,

with Wµ = 2
3Sµ, to bring the torsion vector Sµ to zero and make ∗Γ ρ

µ ν = Γ ρ
µ ν . From Eq. (14) it follows that the affine

connection is the Christoffel connection of the metric tensor:

Γ ρ
µ ν = { ρ

µ ν}g, (15)

which is the special case of Eq. (11) with V ρ
µν = 0.

The theory based on a general Lagrangian density L(S, P, φ,∇φ) without any constraints on the affine connection
does not determine the connection uniquely because the tensor Pµν is invariant under projective transformations
of the connection, Γ ρ

µ ν → Γ ρ
µ ν + δρ

µVν , where Vν is a vector function of the coordinates. Therefore at least four
degrees of freedom must be constrained to make such a theory consistent from a physical point of view [48, 49]. The
condition Sµ = 0 is not the only way to impose such a constraint; other possibilities include vanishing of the Weyl
vector Wν = 1

2 (Γ ρ
ρ ν − { ρ

ρ ν}g) = 0 [48, 49] or adding the dependence on the segmental curvature tensor, which is not
projectively invariant, to the Lagrangian [48, 49, 51, 52].6

If we assume that the affine connection in the purely affine variational principle is symmetric, as in the original
formulation of purely affine gravity [4, 14, 15], then instead of Eq. (7) we find [16]:

gµν
;ρ − g

σ(µ
;σδν)

ρ = Πµ ν
ρ . (18)

The hypermomentum density Πµ ν
ρ is, because of the definition (4), symmetric in the upper indices. Contracting the

indices µ and ρ in Eq. (18) does not lead to any algebraic constraint on Πµ ν
ρ . Therefore, for purely affine Lagrangians

that depend only on the connection and the symmetric part of the Ricci tensor, the relation Sµ = 0 appears either as a
remedy for the unphysical constraint on the hypermomentum density, or results simply from using a symmetric affine
connection as a dynamical variable. In this paper we study purely affine Lagrangians that depend on the connection
only via the symmetrized Ricci tensor: L = L(P, φ, ∂φ), so Sµ decouples from the Einstein equations and can be
brought to zero by a projective transformation, leading to Eq. (15).

6 If a purely affine Lagrangian density depends also on the segmental curvature tensor Qµν , then we can define the antisymmetric tensor

density hµν ≡ −2κ
δLQ

δQµν
. In this case, Eq. (8) becomes:

gµν
,ρ + ∗Γ µ

σ ρgσν + ∗Γ ν
ρ σgµσ − ∗Γ σ

σ ρgµν = Πµ ν
ρ − 1

3
Πµ σ

σ δν
ρ + 2hνσ

,σδµ
ρ −

2

3
hµσ

,σδν
ρ , (16)

and the unphysical algebraic Eq. (9) turns into a dynamical field equation for hµν :

hσν
,σ =

1

8
Πσ ν

σ , (17)

which looks like the second pair of the Maxwell equations with the source represented by the trace of the hypermomentum density [53].
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III. EQUIVALENCE OF AFFINE, METRIC-AFFINE AND METRIC PICTURES

If we apply to a purely affine Lagrangian L(Γ, P, φ, ∂φ) the Legendre transformation with respect to Pµν [4, 14, 15],
defining the Hamiltonian density H (or rather the Routhian density [54], since we can also apply the Legendre
transformation with respect to Γ ρ

µ ν):

H = L− ∂L

∂Pµν
Pµν = L+

1
2κ

gµνPµν , (19)

we find for the differential dH:

dH =
∂L

∂Γ ρ
µ ν

dΓ ρ
µ ν +

1
2κ

Pµνdgµν +
∂L

∂φ
dφ +

∂L

∂φ,µ
dφ,µ. (20)

Accordingly, the Hamiltonian density H is a covariant function of Γ ρ
µ ν , gµν , φ and ∂φ: H = H(Γ, g, φ, ∂φ) =

H(S, g, φ,∇φ), and the action variation (6) takes the form:

δI =
1
c
δ

∫
d4x

(
H(Γ, g, φ, ∂φ)− 1

2κ
gµνPµν

)

=
1
c

∫
d4x

(
∂H

∂Γ ρ
µ ν

δΓ ρ
µ ν +

∂H

∂gµν
δgµν − 1

2κ
gµνδPµν − 1

2κ
Pµνδgµν +

δH

δφ
δφ

)
.

(21)

The variation with respect to gµν yields the first Hamilton equation [4, 14, 15]:

Pµν = 2κ
∂H

∂gµν
. (22)

The variation with respect to Pµν can be transformed to the variation with respect to Γ ρ
µ ν by means of the Palatini

formula, giving the second Hamilton equation equivalent to the field equations (7). The field equation for φ: δH
δφ = 0,

is equivalent to δL
δφ = 0, so H(Γ, g, φ, ∂φ) plays the role of the matter Lagrangian for the field φ [4, 14–16].

The analogous transformation in classical mechanics goes from a Lagrangian L(qi, q̇i) to a Hamiltonian H(qi, pi) =
pj q̇j − L(qi, q̇i) with pi = ∂L

∂q̇i , where the symmetrized Ricci tensor Pµν corresponds to generalized velocities q̇i and
the fundamental density gµν to canonical momenta pi [4, 14, 15]. Accordingly, the affine connection Γ ρ

µ ν plays the
role of the configuration qi and the hypermomentum density Πµ ν

ρ corresponds to generalized forces f i = ∂L
∂qi [4].

The field equations (8) correspond to the Lagrange equations ∂L
∂qi = d

dt
∂L
∂q̇i which result from Hamilton’s principle

δ
∫

L(qi, q̇i)dt = 0 for arbitrary variations δqi vanishing at the boundaries of the configuration. The Hamilton
equations result from the same principle written as δ

∫
(pj q̇j − H(qi, pi))dt = 0 for arbitrary variations δqi and

δpi [54]. The field equations (7) correspond to the second Hamilton equation, ṗi = −∂H
∂qi , and Eq. (22) to the first

Hamilton equation, q̇i = ∂H
∂pi .

Equation (22) gives the metric-affine Einstein equations:

√−g
(
Pµν − 1

2
Pgµν

)
= 2κ

∂H

∂gµν
, (23)

where P = Pµνgµν and g = detgµν = detgµν . Since H(Γ, g, φ, ∂φ) plays the role of the matter Lagrangian for the field
φ, the right-hand side of Eq. (23) is the symmetric dynamical energy-momentum tensor Tµν for φ in the metric-affine
formulation:

√−gTµν = 2
∂H

∂gµν
. (24)

The derivative of H(Γ, g, φ, ∂φ) with respect to the connection is related to the hypermomentum density:

Πµ ν
ρ = −2κ

∂H

∂Γ ρ
µ ν

. (25)
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From the first line in Eq. (21) it follows that − 1
2κP

√−g is the metric-affine Lagrangian density for the gravitational
field, in agreement with the general-relativistic form. According to Eq. (19), the numerical value of the affine La-
grangian L coincides with the metric Lagrangian for gravity and matter, with the metric tensor eliminated by means
of Eq. (2).

The transition from the purely affine formalism to the metric-affine one shows that the gravitational Lagrangian
density Lg is a Legendre term corresponding to pj q̇j in classical mechanics [4]. Therefore the purely affine and metric-
affine formulation of gravitation are dynamically equivalent, if L depends on the affine connection and the symmetric
part of the Ricci tensor [14, 15]. The field equations in one formulation become the definitions of canonically conjugate
quantities in another, and vice versa [14, 15]. Equations (23) and (24) with symmetrized Eq. (12) give

Rµν(g) = κTµν − κ

2
Tρσgρσgµν − V ρ

(µν):ρ + V ρ
(µ|ρ:|ν)

−V σ
(µν)V

ρ
σρ + V σ

(µ|ρV
ρ
σ|ν), (26)

Combining Eqs. (13) and (26) yields a relation between the Riemannian Ricci tensor Rµν(g) and the hypermomentum
density Πµ ν

ρ , i.e. the purely metric Einstein equations. The tensor Tµν represents the matter part that is generated
by the metric tensor, e.g., the electromagnetic field. The terms in Eq. (26) that contain V ρ

µν form the tensor that
we denote as κ(Θµν − 1

2Θρσgρσgµν). The symmetric tensor Θµν , corresponding to the matter part that is generated
by the connection, contains contributions from torsion and is quadratic in the density Πµ ν

ρ . The Bianchi identity for
the tensor Rµν(g) yields the covariant conservation of the total energy-momentum tensor: (Tµν + Θµν):ν = 0.

The purely metric (standard general-relativistic) formulation is dynamically equivalent to the purely affine and
metric-affine formulations, which can be shown by applying to H(Γ ρ

µ ν , gµν , φ, φ,µ) the Legendre transformation with
respect to Γ ρ

µ ν or by demonstrating that the second-order derivatives of the metric tensor in the energy-momentum
tensor for matter in the purely metric formulation of gravity, together with the Riemannian Ricci tensor, sum up to
the Ricci tensor of a new connection [14–16]. In the following sections we will consider purely affine Lagrangians that
do not depend explicitly on the affine connection and for which the metric-affine and purely metric formulation are
equivalent straightforwardly, so the equivalence of the purely affine and purely metric picture follows directly from
the equivalence of the purely affine and metric-affine picture that is associated with the Legendre transformation with
respect to Γ ρ

µ ν .
We note that the metric-affine Lagrangian density for the gravitational field Lg automatically turns out to be linear

in the curvature tensor [14, 15]. The purely metric Lagrangian density for the gravitational field turns out to be linear
in the curvature tensor as well since P is a linear function of Rµν(g)gµν . Thus metric-affine and metric Lagrangians for
the gravitational field that are nonlinear with respect to curvature cannot be derived from a purely affine Lagrangian
L(Γ ρ

µ ν , Pµν , φ, φ,µ) = L(Sρ
µν , Pµν , φ, φ;µ).

IV. EDDINGTON LAGRANGIAN

The simplest purely affine Lagrangian density L = L(Pµν) was introduced by Eddington [2, 17]:

LEdd =
1

κΛ

√
−detPµν . (27)

To make this Lagrangian density meaningful, we assume detPµν < 0, that is, the symmetrized Ricci tensor Pµν has the
Lorentzian signature. The Eddington Lagrangian does not depend explicitly on the affine connection, which is anal-
ogous in classical mechanics to free Lagrangians that depend only on generalized velocities: L = L(q̇i). Accordingly,
the Lagrangian density (27) describes a free gravitational field.

Substituting Eq. (27) into Eq. (2) yields [3]

gµν = − 1
Λ

√
−detPρσPµν , (28)

where the symmetric tensor Pµν is reciprocal to the symmetrized Ricci tensor Pµν : PµνPρν = δµ
ρ . Equation (28) is

equivalent to

Pµν = −Λgµν . (29)

Since the Lagrangian density (27) does not depend explicitly on the connection, the field equations are given by
Eq. (15). As a result, Eq. (29) becomes

Rµν(g) = −Λgµν , (30)
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which has the form of the Einstein field equations of general relativity with the cosmological constant Λ [2, 3]. This
equivalence can also be shown by using Eqs. (19) and (29). If L = LEdd then H = HΛ, where

HΛ = −Λ
κ

√−g, (31)

which is the same as the Einstein (or (ΛCDM) metric-affine Lagrangian density for the cosmological constant. Applying
to the Eddington Hamiltonian density HΛ the Legendre transformation with respect to the connection Γ ρ

µ ν does not do
anything since HΛ does not depend on Γ ρ

µ ν . Thus the purely metric Lagrangian density for the cosmological constant
equals HΛ.

We note that the purely affine formulation of general relativity is not completely equivalent to the metric-affine
and metric formulation because of one feature: it is impossible to find a purely affine Lagrangian that produces the
Einstein equations in vacuum Rµν = 0. In fact, from the definitions (2) and (3) we obtain the relation between the
Ricci tensor and the contravariant metric tensor. A free gravitational field depends only on the Ricci tensor thus
this relation has the form gµν = f(Rαβ) or, inversely, Rµν(Γ) = f−1(gαβ). Consequently, the definition of the metric
density as the Hamiltonian derivative of the Lagrangian density with respect to the Ricci tensor requires that the
latter is algebraically related to the metric tensor.

The simplest purely affine Lagrangian, of Eddington, yields this relation in the form of Eq. (29), i.e. automati-
cally generates a cosmological constant (without specifying its sign). This mechanism is supported by cosmological
observations reporting that the universe is currently accelerating [35, 36] in accordance with general relativity with a
constant, positive (Λ > 0) cosmological term (the ΛCDM model) [37].7 Therefore this restriction of the purely affine
formulation of general relativity turns out to be its advantage. We also note that another restriction of the purely
affine formulation of general relativity, imposing that the metric-affine and metric Lagrangians must be linear in the
Ricci scalar [55] and thus excluding modified theories of gravity such as f(R) models, turns out to be supported by
cosmological and Solar System observations [56].

V. FERRARIS-KIJOWSKI LAGRANGIAN

The purely affine Lagrangian density of Ferraris and Kijowski [17]:

LFK = −1
4

√
−detPµνFαβFρσPαρP βσ, (32)

where detPµν < 0, has the form of the metric-affine (or metric, since the connection does not appear explicitly)
Maxwell Lagrangian density for the electromagnetic field Fµν :8

HMax = −1
4
√−gFαβFρσgαρgβσ, (33)

in which the covariant metric tensor is replaced by the symmetrized Ricci tensor Pµν and the contravariant metric
tensor by the tensor Pµν reciprocal to Pµν . Substituting Eq. (32) to Eq. (2) gives (in purely affine picture)

gµν = κ
√
−detPρσP βσFαβFρσ

(
1
4
PµνPαρ − PµαP νρ

)
. (34)

From Eqs. (22) and (33) it follows that (in metric-affine/metric picture)

Pµν − 1
2
Pgµν = κ

(
1
4
FαβFρσgαρgβσgµν − FµαFνβgαβ

)
, (35)

which yields P = 0. Consequently, Eq. (19) reads LMax = HMax, where LMax is the purely affine Lagrangian density
that is dynamically equivalent to the Maxwell Lagrangian density (33). Similarly, HFK = LFK, where HFK is the
metric-affine density that is dynamically equivalent to the Ferraris-Kijowski Lagrangian density (33).

7 The value of Λ is on the order of 10−52m−2.
8 The electromagnetic field tensor is defined as Fµν = Aν,µ − Aµ,ν = Aν:µ − Aµ:ν so the electromagnetic potential Aµ does not couple

to the torsion [57].
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The Lagrangian density (32) is dynamically equivalent to the Lagrangian density (33), i.e. H = HMax is equivalent to
L = LFK [17], which means that Eqs. (34) and (35) are equivalent. Or, in other words, HFK = HMax and LMax = LFK.
To see that the Lagrangian density (32) indeed represents the Maxwell electrodynamics, it is sufficient to choose the
frame of reference in which gµν is galilean:

gµν =




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


 , (36)

and the electric E and magnetic B vectors are parallel (where the x axis is taken along the direction of the field) [17]:

Fµν =




0 E 0 0
−E 0 0 0
0 0 0 −B
0 0 B 0


 . (37)

In this case, Eq. (35) yields a diagonal tensor,

Pµν =
κ

2
(E2 + B2)




1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


 , (38)

which gives the desired formula:9
√
−detPµνFαβPαρP βσ =

√−gFαβgαρgβσ. (40)

This expression is of tensorial character, hence it is valid in any frame of reference.10 Therefore, the Lagrangian
densities (32) and (33) are equivalent [17].

The sourceless Maxwell equations in purely affine gravity follow from varying the action corresponding to the
Lagrangian density (32) with respect to Aµ and are given by

(√
−detPαβFρσPµρP νσ

)

,µ

= 0. (41)

Using Eq. (40), Eq. (41) becomes

(
√−gFµν),µ =

√−gFµν
:µ = 0, (42)

as in the metric formulation, and is equivalent, due to Eq. (15), to

Fµν
;µ = 0. (43)

The tensor Pµν was brought to diagonal form by transforming to a reference system in which the vectors E and
B (at the given point in spacetime) are parallel to one another. Such a transformation is always possible except
when E and B are mutually perpendicular and equal in magnitude [13].11 But if the vectors E and B are mutually
perpendicular and equal in magnitude, as in the case of a plane electromagnetic wave, the tensor Pµν cannot be
brought to diagonal form, as in [17]. If the x axis is taken along the direction of E and the y axis along B:

Fµν =




0 E 0 0
−E 0 0 B
0 0 0 0
0 −B 0 0


 , (44)

9 In the chosen frame of reference, both sides of Eq. (40) are equal to the matrix




0 −E 0 0
E 0 0 0
0 0 0 −B
0 0 B 0


 . (39)

10 Taking the determinant of both sides of Eq. (40) gives the identity.
11 The reduction of the tensor Pµν to principal axes may be impossible because the spacetime is pseudo-euclidean.
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the tensor Pµν becomes

Pµν = κ




E2+B2

2 0 0 −EB

0 B2−E2

2 0 0
0 0 E2−B2

2 0
−EB 0 0 E2+B2

2


 . (45)

If E = B, the determinant detPµν vanishes and we cannot construct the reciprocal tensor Pµν . However, we can
regard the singular case E = B as the limit E → B, for which

√−detPµνFαβPαρP βσ is well-defined, obtaining

√
−detPµνFαβPαρP βσ =




0 −E 0 0
E 0 0 B
0 0 0 0
0 −B 0 0


 . (46)

This expression is equal to
√−gFαβgαρgβσ, which completes the proof that the Lagrangians (32) and (33) are

dynamically equivalent.
The purely affine formulation of electromagnetism alone, however, has one problem. In the zero-field limit, where

Fµν = 0, the Lagrangian density (32) vanishes, thus making it impossible to apply Eqs. (2) and (3) to construct the
metric tensor. Therefore, there must exist (at least in the absence of matter) a background field that depends on
the tensor Pµν so that the metric tensor is well-defined. The simplest possibility, supported by recent astronomical
observations [35–37], and thus a natural candidate, is the cosmological constant represented by the Eddington La-
grangian density (27). Since it is impossible to find a purely affine Lagrangian that produces the Einstein equations
in vacuum, as we mentioned in Sect. IV, and the cosmological constant guarantees that the metric structure in purely
affine gravity is well-defined in the absence of matter (e.g., electromagnetic fields), we can regard spacetime with a
cosmological constant as purely affine vacuum. In the following sections we will combine the electromagnetic field and
the cosmological constant in the purely affine formulation.

VI. AFFINE EINSTEIN-BORN-INFELD FORMULATION

Since the metric structure in the purely affine Ferraris-Kijowski model of electromagnetism is not well-defined in
the zero-field limit, we need to combine the electromagnetic field and the cosmological constant. In the Lagrangian
density (32) we used the determinant of the symmetrized Ricci tensor Pµν , multiplied by the simplest scalar containing
the electromagnetic field tensor and Pµν . As an alternative way to add the electromagnetic field into purely affine
gravity, we can include the tensor Fµν inside this determinant,12 constructing a purely affine version of the Einstein-
Born-Infeld theory [38–40]. For Fµν = 0, this construction reduces to the Eddington Lagrangian so the metric
structure in the zero-field limit is well-defined. Therefore it describes both the electromagnetic field and cosmological
constant. Let us consider the following Lagrangian density:

L =
1

κΛ

√
−det(Pµν + Bµν), (47)

where

Bµν = i
√

κΛFµν (48)

and Λ > 0. Let us also assume

|Bµν | ¿ |Pµν |, (49)

where the bars denote the order of the largest (in magnitude) component of the corresponding tensor.13 Consequently,
we can expand the Lagrangian density (47) in small terms Bµν . If sµν is a symmetric tensor and aµν is an antisymmetric

12 We could add to the expression (27) the determinant of the electromagnetic field tensor,
√

detFµν . Such a term, however, is independent

of the Ricci tensor and the metric tensor density given by Eq. (2) would not couple to the electromagnetic field tensor Fµν . Moreover,√
detFµν = − 1

8
εµνρσFµνFρσ = − 1

4
(εµνρσFρσAν),µ [3] is a total divergence and does not contribute to the field equations [13].

13 The purpose of i in the definition (48) is to ensure that the energy density of the electromagnetic field appears in the Einstein equations
with the correct sign. The Lagrangian density (47) is real.
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tensor, the determinant of their sum is given by [43, 58]

det(sµν + aµν) = detsµν

(
1 +

1
2
aαβaρσsαρsβσ +

detaµν

detsµν

)
, (50)

where the tensor sµν is reciprocal to sµν . If we associate sµν with Pµν and aµν with Bµν , and neglect the last term
in Eq. (50), we obtain

det(Pµν + Bµν) = detPµν

(
1 +

1
2
BαβBρσPαρP βσ

)
. (51)

In the same approximation, the Lagrangian density (47) becomes

L =
1

κΛ

√
−detPµν

(
1 +

1
4
BαβBρσPαρP βσ

)
, (52)

which is equal to the sum of the Lagrangian densities (27) and (32).
Equations (2) and (3) define the contravariant metric tensor,14 for which we find15

√−ggµν = − 1
Λ

[
Pµν

(
1 +

1
4
BαβBρσPαρP βσ

)

−PαβBαρBβσPµρP νσ

]√
−detPµν . (53)

In the terms containing Bµν and in the determinant16 we can use the relation Pµν = −Λ−1gµν (equivalent to Eq. (30))
valid for Bµν = 0. As a result, we obtain

gµν = −ΛPµν + Λ−2

(
1
4
gµνBρσBρσ −BµρBν

ρ

)
. (54)

Introducing the energy-momentum tensor for the electromagnetic field:

Tµν =
1
4
gµνFρσF ρσ − FµρF ν

ρ, (55)

turns Eq. (54) into

Pµν = −Λ−1gµν − κΛ−2Tµν , (56)

which is equivalent, in the approximation (49), to the Einstein equations of general relativity with the cosmological
constant in the presence of the electromagnetic field:

Pµν = −Λgµν + κTµν . (57)

As in the case for the gravitational field only, Pµν = Rµν(g). The tensor (55) is traceless, from which it follows that

Rµν(g)− 1
2
R(g)gµν = Λgµν + κTµν . (58)

Since the tensor Rµν(g) satisfies the contracted Bianchi identities:
(

Rµν(g)− 1
2
R(g)gµν

);ν

= 0, (59)

14 The tensor density gµν remains symmetric since only the symmetrized Ricci tensor enters the Lagrangian.
15 We use the identity δP ρσ = −δPµνP ρµP σν .
16 In our approximation,

√
−detPµν = Λ2√−g, since, as we show below, Pµν = −Λgµν + κTµν which yields detPµν − det(Λgµν) ∝

Tµνgµν = 0.
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and g ;ν
µν = 0 because of Eq. (15), the tensor Tµν that appears in Eq. (57) is covariantly conserved, T ;ν

µν = 0. As
in the metric formulation of gravitation, this conservation results from the invariance of the action integral under the
coordinate transformations [3].

To obtain the Maxwell equations in vacuum, we vary the action integral of the Lagrangian density (47) with respect
to the electromagnetic potential and use the principle of least action for an arbitrary variation δAµ:

δI =
1
c

∫
d4x

∂L

∂Fµν
δ(Aν,µ −Aµ,ν) = 0, (60)

from which it follows that ( ∂L
∂Fµν

),µ = 0, or

(√
−detPαβFρσPµρP νσ

)

,µ

= 0. (61)

In our approximation, where Pµν ∝ gµν , Eq. (61) takes the form of Eqs. (42) and (43) which are consistent with the
Bianchi identities (59) applied to Eqs. (55) and (58).

Equations (42) and (58) are the Einstein-Maxwell equations derived from the purely afine Lagrangian (47) in the
approximation (49) which can also be written as

κF 2

Λ
¿ 1, (62)

where F = |Fµν |. The magnetic field of the Earth is on the order of 10−5 T , which gives κF 2

Λ ∼ 106. The threshold at
which the approximation (62) ceases to hold occurs at the level of the magnetic field on the order of 10−8 T , i.e. in
outer space of the Solar System. Thus, the model of gravitation and electromagnetism presented in this section is not
valid for electromagnetic fields observed in common life, e.g., that of a small bar magnet, which is on the order of 0.01
T .17 This model is valid only for magnetic fields in interstellar space on the order of 10−10 T , for which κF 2

Λ ∼ 10−5,
thus is not physical.

VII. EDDINGTON PLUS FERRARIS-KIJOWSKI LAGRANGIAN

We now combine the results of Sect. IV and Sect. V to construct a purely affine model of the gravitational field
produced by the electromagnetic field and cosmological constant. In general relativity, the corresponding metric-affine
(or metric) Lagrangian density is the sum of the two densities (31) and (33):

HMax+Λ = HMax + HΛ = −1
4
√−gFαβFρσgαρgβσ − Λ

κ

√−g, (63)

where Λ > 0. From Eq. (63) it follows that

Pµν = κ

(
1
4
FαβFρσgαρgβσgµν − FµαFνβgαβ

)
− Λgµν , (64)

which yields P = −4Λ. Therefore, Eq. (19) reads

LMax+Λ = HMax+Λ +
2Λ
κ

. (65)

In the frame of reference in which Eqs. (36) and (37) hold, we find

Pµν =




k − Λ 0 0 0
0 Λ− k 0 0
0 0 k + Λ 0
0 0 0 k + Λ


 , (66)

17 For these fields, |Bµν | À |Pµν |, and the Lagrangian density is approximately proportional to
√

detFµν which cannot describe electro-
magnetism.
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where we define

k =
κ

2
(E2 + B2). (67)

Consequently, we obtain

detPµν = −(k2 − Λ2)2 (68)

and
√
−detPµνFαβPαρP βσ = sign(k2 − Λ2)

×




0 −E k+Λ
k−Λ 0 0

E k+Λ
k−Λ 0 0 0
0 0 0 −B k−Λ

k+Λ

0 0 B k−Λ
k+Λ 0


 . (69)

Let us construct the purely affine Lagrangian density for the electromagnetic field and gravity with cosmological
constant as the simple sum of the two densities (27) and (32):

LFK+Edd = LFK + LEdd

= −1
4

√
−detPµνFαβFρσPαρP βσ +

1
κΛ

√
−detPµν . (70)

For this density, Eq. (2) yields

gµν = − 1
Λ

√
−detPρσPµν + κ

√
−detPρσP βσ

×FαβFρσ

(
1
4
PµνPαρ − PµαP νρ

)
. (71)

The Lagrangian density (70) is identical with the (electromagnetic) weak-field approximation (52) of the La-
grangian (47). Equations (66), (69) and (70) yield

LFK+Edd = sign(k2 − Λ2)×
[
1
2

(
E2 k + Λ

k − Λ
−B2 k − Λ

k + Λ

)
+

1
κΛ

(Λ2 − k2)
]
. (72)

We see that the expression (72) has a singular behavior in the limit Λ → 0 when k 6= 0. Therefore, the sum of the
purely affine Ferraris-Kijowski and Eddington Lagrangians cannot describe, unlike the Einstein-Maxwell-Λ theory,
electromagnetic fields without the cosmological constant. Moreover, from the relation

HMax+Λ =
1
2
(E2 −B2)− Λ

κ
, (73)

it follows that if k 6= 0 then

LFK+Edd − HMax+Λ −
2Λ
κ
6= 0. (74)

Comparing Eq. (74) with Eq. (65) indicates that the affine Lagrangian density LFK+Edd is dynamically inequivalent
to the metric-affine (or metric) Lagrangian density HMax+Λ unless k = 0 (this inequivalence was shown in Ref. [41]
by finding the purely affine equivalent of the Einstein-Maxwell-Λ Lagrangian, see the next section). In other words:

L = LFK+Edd ⇒ H 6= HMax+Λ (75)

and

H = HMax+Λ ⇒ L 6= LFK+Edd. (76)

The dynamics governed by the affine Lagrangian density LFK+Edd (70) deviates significantly from the dynamics
governed by the experimentally and observationally verified metric-affine (or metric) Lagrangian density HMax+Λ (63)
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(or its purely affine equivalent, see Sect. VIII) unless k ¿ Λ. Therefore the Lagrangian density (70) is valid only for
very weak electromagnetic fields, like the Lagrangian density (47), and thus unphysical.

If the metric-affine (or metric) Lagrangian for the electromagnetic field and cosmological constant is the simple
sum of the Einstein-Maxwell and Λ Lagrangians, then the dynamically equivalent affine Lagrangian will be more
complicated [16]. Similarly, if we assume that the affine Lagrangian for the electromagnetic field and cosmological
constant is the simple sum of the Ferraris-Kijowski and Eddington Lagrangian, then the corresponding metric-affine
(or metric) Lagrangian will be more complicated.18 This result is not surprising because the purely affine Lagrangian
for the Einstein-Klein-Gordon theory already shows that what is a sum in the metric picture:

H =
√−g

(1
2
φ,µφ,νgµν − 1

2
m2φ2

)
, (77)

is not a sum in the affine picture [4, 16]:

L =
2

m2φ2

√∣∣∣det
(Pµν

κ
− φ,µφ,ν

)∣∣∣. (78)

The dynamical inequivalence between the two (purely affine and metric-affine/metric) simple Lagrangians indicates
that the Ferraris-Kijowski model of electromagnetism [17], modified additively by the term that ensures a well-defined
zero-field limit, physically deviates from the Einstein-Maxwell-Λ equations (electromagnetic fields and dark energy
will interact) and can be tested [59]. These deviations may be significant for systems with strong electromagnetic
fields, such as neutron stars.

To illustrate this point further, we can use an analogy with classical mechanics. Let us consider a simple Lagrangian
Lα = α

2 q̇2, where α does not depend on q. The corresponding Hamiltonian Hα = p2

2α is simple. Let us now consider

another simple Lagrangian Lβ = β
3 q̇3, where β does not depend on q. The corresponding Hamiltonian Hβ = 2

3

√
p3

β is
simple too. However, if we take the sum of the two above Lagrangians, L = Lα + Lβ , the corresponding Hamiltonian
is

H =
1

12β2
((α2 + 4βp)3/2 − α3)− αp

2β
, (79)

which differs from the simple expression H = Hα + Hβ . This Hamiltonian reduces to Hα if β = 0 and to Hβ if
α = 0. Conversely, one can show that the Lagrangian corresponding to the sum of the two simple Hamiltonians,
H = Hα + Hβ , differs from L = Lα + Lβ . If we regard α as a quantity representing the cosmological constant and
β as a quantity representing the electromagnetic field, it is clear why a simple (additive with respect to α and β)
Lagrangian density in one picture (affine or metric-affine/metric) is not simple in the other (α and β interact).

VIII. PURELY AFFINE EQUIVALENT OF EINSTEIN-MAXWELL-Λ LAGRANGIAN

The purely affine Lagrangian that is dynamically equivalent to the purely metric Einstein-Maxwell Lagrangian with
the cosmological constant (63) was found in Ref. [41]. Here we briefly show the intermediate steps leading to this
result. Equation (37) gives

detFµν = E2B2. (80)

Equations (36), (37), (63) and (65) give

LMax+Λ =
1
2
(E2 −B2) +

Λ
κ

. (81)

Combining Eqs. (80) and (81) gives

4κΛ(L2
Max+Λ + detFµν) = κΛ(E2 + B2)2 + 4Λ2(E2 −B2) +

4Λ3

κ
. (82)

18 The above results do not change if we add massive objects and restrict our analysis to the gravitational field outside them.
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From (68) we also have

√
−detPµνsign(k2 − Λ2) =

κ2

4
(E2 + B2)2 − Λ2, (83)

which, with Eq. (81), gives

−4
√
−detPµνsign(k2 − Λ2)LMax+Λ = −κ2

2
(E2 −B2)(E2 + B2)2

−κΛ(E2 + B2)2 + 2Λ2(E2 −B2) +
4Λ3

κ
. (84)

Finally, we find

det(Pµν)FαβFρσPαρP βσ =
κ2

2
(E2 −B2)(E2 + B2)2

+2Λ2(E2 −B2) + 2κΛ(E2 + B2)2. (85)

The left-hand side of Eq. (82) minus the sum of the left-hand sides of Eqs. (84) and (85) equals identically zero for
arbitrary values of E, B and Λ:

4κΛ(L2
Max+Λ + detFµν) + 4

√
−detPµνsign(k2 − Λ2)LMax+Λ

−det(Pµν)FαβFρσPαρP βσ = 0, (86)

from which we obtain the solution for LMax+Λ [41]:

LMax+Λ =
1

2κΛ

[
−sign(k2 − Λ2)

√
−detPµν +

(
−detPµν

+κΛ det(Pµν)FαβFρσPαρP βσ − 4κ2Λ2detFµν

)1/2]
. (87)

In the limit of zero electromagnetic field, Fµν → 0, we have sign(k2 − Λ2) = −1 and

LMax+Λ → 1
κΛ

√
−detPµν , (88)

reproducing the Eddington Lagrangian (27). In the limit of zero cosmological constant, Λ → 0,19 we have sign(k2 −
Λ2) = 1 and

LMax+Λ → −1
4

√
−detPµνFαβFρσPαρP βσ, (89)

reproducing the Ferraris-Kijowski Lagrangian (32). Since the Lagrangian densities (70) and (87) are quite different,
it is clear why the sum of the purely affine Ferraris-Kijowski and Eddington Lagrangians does not describe, unlike
the Einstein-Maxwell-Λ theory, physical systems.

We can remove the term with detFµν from the affine Lagrangian density (87), simplifying this Lagrangian without
changing its F → 0 and Λ → 0 limits. The corresponding theory would deviate from the Einstein-Maxwell-ΛCDM
theory (the electromagnetic field and the cosmological constant would interact) only for electromagnetic fields that
contribute to the spacetime curvature on the same order as the cosmological constant, i.e. on the order of 10−8 T .
The magnetic field in outer space of the Solar System, where we observe the Pioneer anomaly, is of this order [60].

IX. SUMMARY

The purely affine formulation of gravity, in which the affine connection is a dynamical variable and the Lagrangian
density depends on the symmetric part of the Ricci tensor of the connection, is physically equivalent to the metric-affine

19 The limit Λ → 0 is meaningful for the Lagrangian density (87), but not for (70).
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and purely metric formulation. Therefore purely affine gravity is simply Einstein’s general relativity formulated with
different variables, analogously to Lagrangian mechanics being Hamiltonian mechanics formulated with generalized
velocities instead of canonical momenta. The equivalence of a purely affine gravity with general relativity, which is a
metric theory, implies that the former is consistent with experimental tests of the weak equivalence principle [33].

For each purely affine Lagrangian density we can construct a metric-affine matter Lagrangian density (which we
call a Hamiltonian density) that is dynamically equivalent [14, 15]. If a purely affine Lagrangian depends on the
connection only through the symmetric part of the Ricci tensor, the corresponding metric-affine and metric matter
Lagrangians coincide. The ΛCDM metric-affine (or metric) Lagrangian for the cosmological constant is dynamically
equivalent to the Eddington affine Lagrangian. The Einstein-Maxwell metric-affine (or metric) Lagrangian for the
electromagnetic field is dynamically equivalent to the Ferraris-Kijowski affine Lagrangian, except the zero-field limit,
where the metric tensor is not well-defined. This feature indicates that, for the Ferraris-Kijowski model to be physical,
there must exist a background field that depends on the Ricci tensor. The simplest possibility, supported by recent
astronomical observations, and thus a natural candidate, is the cosmological constant. Therefore the purely affine
formulation gives the cosmological constant the meaning of the entity assuring that all Lagrangians are well-defined
in the zero-field limit. Another advantage of purely affine gravity is a causal structure free of defects contained in the
metric formulation [16].

In this paper we studied the combined electromagnetic field and cosmological constant in the purely affine formula-
tion. We found that the sum of the metric Maxwell and Einstein Lagrangian is dynamically inequivalent to the sum
of the affine Ferraris-Kijowski and Eddington Lagrangian, which is also a direct consequence of a significant difference
between the affine Lagrangians (70) and (87). The results of Sect. VII show that the sum of the purely affine Ferraris-
Kijowski and Eddington Lagrangian (70) does not correspond to physical systems. Therefore, one cannot apply the
same rules that hold for metric theories to construct physically meaningful purely affine Lagrangians. We also found
that the affine Einstein-Born-Infeld formulation is not realistic for almost all electromagnetic fields existing in Nature.
The case of the affine equivalent of the metric Einstein-Maxwell-Λ Lagrangian (87) shows that one has to be careful
in choosing purely affine Lagrangians for physical theories. The transformation of a purely metric Lagrangian into its
dynamically equivalent affine Lagrangian turns out to be nonlinear.

A quite complicated form of the affine equivalent of the metric Einstein-Maxwell-Λ Lagrangian does not indicate
that the purely affine formulation of gravity is less physical than the metric one. One can, in principle, construct an
infinite number of purely affine Lagrangian for gravity, electromagnetism and cosmological constant that reproduces
the Eddington Lagrangian in the limit of zero electromagnetic field and the Ferraris-Kijowski Lagrangian in the limit
of zero cosmological constant. If one of such affine Lagrangians is simple, we could consider it as a basis of a theory of
gravity and electromagnetism in the presence of cosmological constant. For example, removing the term with detFµν

from the affine Lagrangian density (87) simplifies this Lagrangian without changing its F → 0 and Λ → 0 limits.
The corresponding theory would deviate from the standard Einstein-Maxwell-ΛCDM theory only for electromagnetic
fields that contribute to the spacetime curvature on the same order as the cosmological constant. The magnetic field
in outer space of the Solar System is of this order, which suggests a possible explanation of the Pioneer anomaly by
the purely affine formulation of gravity.
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